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The present paper establishes a new result which was long sought after in the 
field of magnetoconvection, amely, the validity of the principle of exchange of 
stabilities for the magnetohydrodynamic simple BCnard problem in the regime 
Qcr, < n2 where Q is the Chandrasekhar number and 0, is the magnetic Prandtl 
number. This result is applicable for quite general boundary conditions and 
provides a natural extension of A. Pellew and R. V. Southwell’s (Proc. Roy. Sot. 
London Ser. A 176 (1940), 312-343) result for the simple Btnard problem. A 
corresponding result for rotatory magnetohydrodynamic simple Btnard problem is 
also given. rj” 1985 Academic Press, Inc 
1. INTRODUCTION 
Pellew and Southwell’s [l] celebrated result establishes the validity of 
the principle of exchange of stabilities for the simple BCnard problem. No 
such result, however, exists in the magnetohydrodynamic ase when a 
uniform vertical magnetic field opposite to gravity is impressed upon the 
system and the possibility of the occurrence of oscillatory motions, in this 
case, has been a matter of speculation only in the literature on the subject. 
Thompson [2] investigated this problem for inviscid fluids and derived a 
sufficient criterion, in terms of the parameters of the system alone, for the 
validity of this principle but his investigation is somewhat limited on 
account of the neglect of the effects of viscosity. Chandrasekhar [3] 
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analysed the same problem and solved the governing equations, which 
include the viscous effects in a case which he states is appropriate to two 
free boundaries and concluded the validity of this exchange principle for 
IC < yl, which is essentially Thompson’s criterion, where K is the fluid ther- 
mal diffusivity and q is the fluid electrical resistivity, but unfortunately, his 
boundary conditions are not correct as they do not include the magnetic 
boundary conditions. An attempt to correct this error in Chandrasekhar’s 
analysis was made by Gibson [4], who discussed the problem in the 
asymptotic case Q-00 and recovered the above Thompson- 
Chandrasekhar criterion for the validity of this exhange principle, but Gib- 
son’s analysis too is somewhat limited since it applies only in the limit 
Q + co. Sherman and Ostrach [S] examined a more general problem when 
the fluid is completely confined in an arbitrary region and the uniform 
magnetic field is applied in an arbitrary direction and derived a sufficient 
criterion for the validity of this exchange principle for the present problem, 
a result conjectured earlier by Chandrasekhar [3], but their analysis too is 
of limited value since one cannot a priori be certain when this criterion will 
be satisfied. In the asymptotic case Q -+ cc Sherman and Ostrach also 
recovered the Thompson-Chandrasekhar criterion for the validity of this 
exchange principle but this again is somewhat limited for reasons stated 
earlier. 
The search for a clear-cut result corresponding to that of Pellew and 
Southwell [l], in the present magnetohydrodynamic case, has continued 
till recent times and it is relevant to note in this connection that Chan- 
drasekhar [3] has predicted the existence of a Q’“~“l’ such that for crl > g 
(i.e., K > q) and Q 6 Q (O,Oo the principle of exchange of stabilities will be 
valid, u being the thermal Prandtl number, though as mentioned earlier his 
analysis is not free from errors. 
The present paper establishes that if Qo, 6 rc* then the principle of 
exchange of stabilities is valid, which is essentially Chandrasekhar’s predic- 
tion but without the condition crI > G, and thus provides the natural exten- 
sion of Pellew and Southwell’s [l] result which was long sought after. This 
result is uniformly applicable for any combination of a dynamically free or 
a rigid boundary when the regions outside the fluid are perfectly con- 
ducting or insulating. 
2. BASIC EQUATIONS AND BOUNDARY CONDITIONS 
The basic equations and boundary conditions, in their nondimensional 
forms, for the magnetohydrodynamic simple Benard problem when a 
uniform vertical magnetic field opposite to gravity is impressed upon the 
system are given by (cf. Chandrasekhar [6] and Gupta et al. [7]) 
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iD'02)(D2-02-~) W=Ra2&QD(D'-a')h, 
(D2-a2-p)8= -W 
w=o=0 on both the boundaries 
D’W=O on a dynamically free boundary 
DW=O on a rigid boundary 
hZ=O on both the boundaries if the regions 
outside the fluid are perfectly conducting 
DhZ = Tahz on both the boundaries if the regions 
outside the fluid are insulating 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
where z is the vertical coordinate, z = 0 and z = 1 represent he two boun- 
daries, D z d/dz, W is the vertical velocity, 0 is the temperature, h, is the 
vertical magnetic field, R is the Rayleigh number, a2 is the square of the 
wavenumber, and p = p, + ipi is the complex growth rate, while the other 
symbols are as explained earlier. We note that R, Q, CT, CT~ and a2 are non- 
negative numbers. 
Equations (1 )-( 3) and appropriately adequate boundary conditions from 
(4)-(8) pose an eigenvalue problem for p and we wish to characterize pi 
when pr > 0. 
3. MATHEMATICAL ANALYSIS 
We first treat the case when the regions outside the fluid are insulating 
and prove the following theorem: 
THEOREM 1. If pr > 0 and QCT, < x2 then Eqs. ( 1 t(3) and boundary con- 
ditions (4), (8) and any combination of (5) and (6) imply that pi = 0. 
Proof: Multiplying (1) by W* (an asterisk denotes complex con- 
jugation) and integrating the resulting equation over the range of z, we 
obtain 
s ’ W*(D’-a2)(D2-a2-!) Wdz=Ra’j: W*8dz 0 
W* D(D2 - a’) h, dz. (9) 
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Making use of (2), we have 
I 
1 
WVdz= - ’ 0(D2-a2-p*)e*dz s (10) 0 0 
while, integrating by parts once and making use of (3), we have 
i,’ W* D(D’-a’)h,dr=j; (D’-a’-‘+)hf(D’-a’)hZdz. (11) 
Integrating by parts for a suitable number of times and making use of the 
boundary conditions, we derive 
s 
1 
W*(D’-a2)(D2-a2-f) Wdz (12) 
0 
= j-l (1D2W12+2u2 IDW/‘+a41W12)dz+~[; ()DW12+u2)W12)dz 
0 
I 
1 
e(D2 - a2 - p*) e* dz 
0 
=- j; (IDB)2+a218)2)dz-p* jol Je12dz 
D’-a’-‘+ h;(D2-a’)h,dz 
) 
= I ’ l(D2-02)hZ,2dz+p+ 0 
a((lh~12)o+(lh~12),)+ j’ Wh,12+~21k12)dz 1 . 0 
(13) 
(14) 
The imaginary part of (9) upon making use of (lo)-( 14) and cancelling 
pi throughout by assuming pi # 0 gives 
ea1 -- 
a [ 
a((lh,12)o+(lh~12)~}+ j’ Wk12+~21k12Wz 
0 1 
= -Ra2 s l lel dz. (15) 0 
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Further, multiplying (3) by h: and integrating the resulting equation 
over the range of z, we have 
(16) 
Integrating (16) by parts for a suitable number of times and making use 
of the boundary conditions, we obtain from the real part of the resulting 
equation 
nj~l~,12~,+~l~,12~~~+j1~I~~,12+~21~,12~~z+p~j’ lhJ2 dz 
0 0 
i 
1 
= -Real part of W Dh$ dz (17) 
’ <ij; WDh;dzi 
6 s ’ I WDh,*l dz 0 
< s ’ I WI IDh,l dz 0 
6 l W12+IDh,12)dz 
s 0 2 ’ (18) 
Since pr > 0 ( 18) gives 
j1 IDh,12dz<j1 IW12dz-2a{(lhZ(2)o+(Ih,12),}-2a2j; lh,12dz (19) 
0 0 
and hence 
~{(lh,12)o+(Ih,12),}+j1 (IDh.12+dhA2)dz 
0 
<j’ IW12dz-~{(lh,12),+~l~,12)~}-~2 j’ lh.12dz. (20) 
0 
Now, combining (15), (20) and the Rayleigh-Ritz inequality (Schultz [8]) 
j’ IDW12dz>n2j’ IW(‘dz (since W(O)=O= W(1)) (21) 
0 0 
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we obtain 
(22) 
and therefore we must have 
Q0,X2. (23) 
From (23), we conclude that if 
Q0,0C2 (24) 
then pi = 0 and this establishes the theorem. 
It is clear from the above that when the regions outside the fluid are per- 
fectly conducting 
a{(l~,12)0+(l~~12)1~=0 (25) 
and hence we have the following theorem: 
THEOREM 2. If p, 2 0 and Qa, < n* then Eqs. (l)--(3) and boundary con- 
ditions (4), (7) and any combination of (5) and (6) impfy that pi=O. 
For the rotatory magnetohydrodynamic simple BCnard problem [6] the 
above scheme of calculations is applicable and leads to the following result: 
THEOREM 3. If p, > 0 and T/x4 + QoJz” 6 1 then the corresponding 
eigenvalue problem for the rotatory magnetohydrodynamic simple BPnard 
problem [6] implies that pi = 0. 
4. CONCLUDING REMARKS 
(i) The technique adopted to prove the above theorems is essen- 
tially that of Pellew and Southwell [ 11. However, a decisive role is played 
by the inequality (20) which has been especially constructed for the pur- 
pose. This invalidates Chandrasekhar’s [3] assertion that the method of 
Pellew and Southwell is not quite strong enough to demonstrate the 
validity of the principle of exchange of stabilities. 
(ii) For nonconducting fluids the above theorems reduce to the 
well-known result of Pellew and Southwell [ 11. 
(iii) For electrically conducting fluids these theorems provide a 
natural extension of Pellew and Southwell’s result which was long sought 
after. 
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(iv) In the asymptotic case Q --* co and or -+ 0 such that Qcr < rc2 
the above theorems show that the exchange principle is valid. 
(v) For liquid mercury at room temperatures err = 1.5 x lo-’ and 
hence the exchange principle will be valid so long as Q < (rr* x 10’)/1.5. 
This explains why under terrestrial conditions and in the laboratory 
oscillatory motions are not observed. 
(vi) The above theorems show that even if eL > 0 (i.e., K > q), the 
exchange principle will be valid provided (24) is satisfied. 
(vii) The above theorems show the validity of Chandrasekhar’s [3] 
prediction (stated earlier) in connection with a natural extension of Pellew 
and Southwell’s result. 
(viii) Theorem 3 gives a new result for the rotatory 
magnetohydrodynamic simple Benard problem. 
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